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Abstract. Laumon moduli spaces are certain smooth closures of the moduli spaces of maps 
from the projective line to the flag variety of GL n . We calculate the equvariant cohomology 
rings of the Laumon moduli spaces in terms of Gelfand-Tsetlin subalgebra of U(gln), and 
formulate a conjectural answer for the small quantum cohomology rings in terms of certain 
commutative shift of argument subalgebras of U(gl n ). 



1. Introduction 

1.1. The moduli spaces Qd were introduced by G. Laumon in [13j and [14] . They are certain 
compactifications of the moduli spaces of degree d maps from P 1 to the flag variety 23 „ of GL n . 
The original motivation of G. Laumon was to study the geometric Eisenstein series, but later 
the Laumon moduli spaces proved useful also in the computation of quantum cohomology and 
ii-theory of 23 n , see e.g. [10], [2]. The aim of the present note is to calculate the cohomology 
rings of the Laumon moduli spaces, and to formulate a conjectural answer for the quantum 
cohomology rings. 

The main tool is the action of the universal enveloping algebra U(Ql n ) by correspondences [7] 
on the direct sum (over all degrees) of cohomology of Qd- More precisely, we consider the local- 
ized equivariant cohomology B :— Hq L ^ xC , (Qd) ®h^, l c » (pt) Frac(-ff£. Lii xC , (pt)) where C* 
acts as "loop rotations" on the source P 1 , while GL n acts naturally on the target 23„. We also 
consider a "local version" Qd of the Laumon moduli space, which is a certain closure of the mod- 
uli space of based maps of degree d from P 1 to 23„. This local version does not carry the action 
of the whole group GL n x C* , but only of the Cartan torus T x C* . Accordingly, we consider the 
equivariant cohomology (resp. localized equivariant cohomology) 'V — ®d^f x c* (Qd) ( res P- 

According to [1] (cf. also [TH] and our Theorem l2.10[) . the above action of U(Ql n ) identifies 
V with the universal Verma module 23. Similarly, B carries the action of two copies of U(gl n ) 
by correspondences, and can be identified with the tensor square 25 of 23 (Theorem I5.8[) . The 
nonlocalized cohomology 'V is identified with a certain integral form 23 of 23, a version of 
the universal dual Verma module (Theorem I3-5|) . We were unable to describe the nonlocalized 
equivariant cohomology of |J d Qd as a C/(g[„) 2 -module, but we propose a coniecture l5.14l in this 
direction; it is an equivariant generalization of Conjecture 6.4 of [7]. 

1.2. The description of the cohomology rings is given in representation theoretic terms. 
Namely, the universal enveloping algebra of gl n contains the Gelfand-Tsetlin subalgebra 25 (a 
maximal commutative subalgebra). For a given degree d, the equivariant cohomology 'Vd 
is identified with the weight subspace V3 d . The identity element l d of the cohomology ring 
goes to the weight component V d of the Whittaker vector G 23. It turns out that the vector 
Id G 'V is cyclic for (S; hence the equivariant cohomology ring H~ (Qd) is identified with 
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a quotient of the Gclfand-Tsetlin subalgebra (Corollary 13. 7[) . Similar results hold for the 
localized equivariant cohomology of Qd and (Propositions 12.181 and 15.121) . 

The proof uses two ingredients. First, the localized equivariant cohomology has a natural 
basis of classes of the torus fixed points. We check that under the identification V ~ 03, this 
basis goes to the Gelfand-Tsetlin basis of 03. Also, the cohomology of Qd contain the (Kiinneth 
components of the) Chern classes of the universal tautological vector bundles on Qd x P 1 • The 
operators of multiplication by these Chern classes are diagonal in the fixed point basis, and 
by comparison to the Gelfand-Tsetlin basis it is possible to identify these operators with the 
action of certain generators of &. Finally, since the diagonal class of 0.d is decomposable, the 
above Chern classes generate the cohomology ring of Od- 
in a similar vein, in Proposition 16 . 71 we compute the localized equivariant if-ring of £ld in 
terms of the "quantum Gelfand-Tsetlin algebra" . 

1.3. The Picard group of the local Laumon space £}d is free of rank n — 2 iff all the entries 
of d are nonzero. It possesses the set of distinguished generators: the classes of determinant 
line bundles T>2, ■ ■ ■ , Let T be a torus with the cocharacter lattice Pic(Q ( j), and let 
ft, 2 < i < n — 1, be the coordinates on T corresponding to D^. We conjecture a formula 
for the operator Mb, of quantum multiplication by the first Chern class ci(Di). A priori 
this operator lies in End(Vd)[[<?2, ■ ■ ■ ><7n-i]L but according to Conjecture 14. 6i it is the Taylor 
expansion of a rational End(Vd)-valued function on T. Moreover, this function arises from 
the action of a universal element QCi S U(gl n ) (depending on q2, . . . , q n -i) on the weight 
space Vd of the universal Verma module. The commutant of the collection of all such elements 
{QCi(q2, ■ ■ ■ ,<7„_i)} is a shift of argument subalgebra A q C U(gl n ) (a maximal commutative 
subalgebra, see [2"T]). 

We consider the flat End(Vd)-valued connection on T : V = Y^i=2 ti^f + QCi (the quantum 
connection). Conjecture 14.61 implies that V is induced by the Casimir connection [41 [51 [2"4"l 116) 
on the Cartan subalgebra f) C sl n under an embedding T t). In particular, V has regular 
singularities, and its monodromy factors through the action of the pure braid group PB n 
(fundamental group of the complement in f) to the root hyperplanes) on the weight space Vd 
by the "quantum Weyl group operators" . 
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2. Local Laumon spaces 

2.1. We recall the setup of [7j, Let C be a smooth projective curve of genus zero. We 
fix a coordinate z on C, and consider the action of C* on C such that v(z) = v~ 2 z. We have 
C c * = {0,oc}. 

We consider an n-dimensional vector space W with a basis w\ , . . . , w n . This defines a Cartan 
torus TcG = GL n c Aut(W). We also consider its 2™-fold cover, the bigger torus T, acting 
on W as follows: for T 3 t = (ti, . . . , t n ) we have t(wi) — tfwi. We denote by S the flag variety 
of G. 

2.2. Given an (n — l)-tuple of nonnegative integers d = (di, . . . , d n _i), we consider the Lau- 
mon's quasiflags' space Qd, see [14], 4.2. It is the moduli space of flags of locally free subsheaves 

Q C Wi c ... C W„_i c W = W © Oc 

such that rank(Wfe) = k, and deg(Wfc) = — d^. 

It is known to be a smooth projective variety of dimension 2d\ + . . . + 2d„_i + dim 23, 
see p3], 2.10. 

2.3. We consider the following locally closed subvariety Qd C Qd (quasiflags based at oo e C) 
formed by the flags 

OcWiC.C W„_i c W = W ® Oc 
such that Wi C W is a vector subbundle in a neighbourhood of oc £ C, and the fiber of Wj at 
cc equals the span (ioi, . . . , Wi) C W. 

It is known to be a smooth quasiprojective variety of dimension 2d\ + . . . + 2d n -\. 

2.4. The group G x C* acts naturally on Qd, and the group TxC* acts naturally on Qd- The 
set of fixed points of T x C* on Qd is finite; we recall its description from [T, 2.11. 

Let d be a collection of nonnegative integers (dij), i > J, such that di = X^'=i <^w> an< ^ f° r 
i > k > j we have d^j > Abusing notation we denote by d the corresponding T x C*-fixed 
point in Qd- 

Wi = O c (-dn -OK, 

W 2 = O c (-d2i • 0)ibi 8 O c (-d 22 • 0)io 2 , 

7 

W„_l = Oc(-dn-l,l ■ 0)U>1 8 C (-4-l,2 ■ 0)W 2 © ... © Oc(-i-l,n-l " 0)lO n _i. 

2.5. For i G {1, . . . , n — 1}, and d = (efj., . . . , d n -\), we set d + i :— (di, . . . , di + 1, . . . , d n -i)- 
We have a correspondence £d,i C Qd x Qd+i formed by the pairs (W., W' t ) such that for j ^ i 
we have Wj = W^, and C Wi, see 0, 3.1. In other words, £d,i is the moduli space of flags 
of locally free sheaves 

OcWiC... W t _! C C W 4 C W 4+1 . . . C W„_! c W 

such that rank(Wfe) = k, and deg(Wfc) = — dk, while rank(W-) = i, and deg(W-) = — di — 1. 

According to [13], 2.10, £d,i is a smooth projective algebraic variety of dimension 2d\ + . . . + 
2d„_i + dim 2 + 1. 

We denote by p (resp. q) the natural projection £d,i — > Qd (resp. £d,i — > Qd+i). We also 
have a map r : Ed,i — » C, 

(ocWic... w,_i cw;cw,c w i+ i . . . c w„_i c w) ^ sup P (w J /w , l ). 
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The correspondence tLd.i comes equipped with a natural line bundle Li whose fiber at a point 

(OcWiC... W,_! c W t c Wi c Wi+i . . . c W„_! c W) 

equals r(C,W J /W' i ). 

Finally, we have a transposed correspondence T £d,i C Qd+i x Q^. 

2.6. Restricting to C Qd we obtain the correspondence C 0d X Qd+i together with 
line bundle £j and the natural maps p : - * fld; q : 'Sd.i — * Qd+i, r : (£d,i — > C — oo. 
We also have a transposed correspondence T £d,i C Qd+i X 13d- It is a smooth quasiprojective 
variety of dimension 2di + . . . + 2d n -i + 1. 

2.7. We denote by 'V the direct sum of equivariant (complexified) cohomology: 
'V = (B d Ht (£JA It is a module over ffl (pi) = C[t © C] = C[xi, . . . , x n , H}. Here 

t C is the Lie algebra of T x C*. We define ft as twice the positive generator of H^., (pt, Z). 
Similarly, we define Xi G H~(pt,Z) in terms of the corresponding one-parametric subgroup. 
We define V= 'V ® H . (pt) Frac(#i (pt)). 

We have an evident grading V = ®dVd, V d = #~ „„ (Qd) <8>h-~ (pt) Frac (#^,r» 5 *))- 

2.8. We denote by il the universal enveloping algebra of g[„ over the field C(t © C). For 
I < j, k < n we denote by Ejk € flt„ C il the usual elementary matrix. The standard Chevalley 
generators are expressed as follows: 

:= Ei + ij, fi := Ei t i+i, \)i := Ei + i^ + i — En 

(note that Zi is represented by a lower triangular matrix). Note also that il is generated by 
En, 1 < i < n, Eij + i, E i+ i_i, 1 < i < n — 1. We denote by il<o the subalgebra of il generated 
by Ea, 1 < i < n, E^j+i, 1 < i < n — 1. It acts on the field C(t © C) as follows: acts 
trivially for any 1 < £ < n — 1, and 25y acts by multiplication by h~ 1 xi + i — 1. We define the 
universal Verma module 03 over il as il£g>y <0 C(t © C). The universal Verma module 93 is an 
irreducible il-module. 

2.9. The grading and the correspondences T <£d,i, <&d,i give rise to the following operators on V 
(note that though p is not proper, p* is well defined on the localized equivariant cohomology 
due to the finiteness of the fixed point sets and smoothness of &d,i)' 

En = hr Y Xi + di-i - di + i-1 : Vd^Vr, 

t)i = h~ x (x i+ i - x^ + 2di - - di+i + 1 : V± -> Vd} 

fi = E i4+ i = p*q* : Vd -> Vd-H 

ti = E l+1 , t = -q*p* : Vd -> Vd+i- 

Theorem 2.10. The operators Zi = Ei+i t i,Ea,fi = on V defined in \2.9\ satisfy the 

relations in il, i.e. they give rise to the action o/il on V . There is a unique isomorphism \£' of 
ii-modules V and 03 carrying 1 G -£/| xC „(0 o ) C V to the lowest weight vector 1 G C(t©C) C 03. 

The proof is entirely similar to the proof of Theorem 2.12 of [2j; cf. also [19]. □ 

2.11. Gelfand-Tsetlin basis of the universal Verma module. We will follow the notations 
of [17] on the Gelfand-Tsetlin bases in representations of g[ ra . To a collection d = (dij), n — 
1 > i > j we associate a Gelfand-Tsetlin pattern A = A(rf) := (A^), n > i > j as follows: 
X n j :— h~ 1 Xj +j — 1, n>j>l; Ay := hr 1 Xj — l — dij, n — 1 > i > j > 1. Now we define 
£j = G 93 by the formulas (2.9)^(2.11) of Zoc. cit. (where ( = ^ = 1 £ 03). According to 

Theorem 2.7 of loc. cit, the set {^} (over all collections d) forms a basis of 23. 
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According to the Localization theorem in equivariant cohomology (see e.g. j3]), restriction 
to the T x C*-fixed point set induces an isomorphism 

ff| xC ,(%) ®H^ cAp t) ftac(fl| xc ,(pi)) -* ff| xC ,(0| xC *) ®H^ cAp t) Frac(H' fxC ,(pt)) 

The fundamental cycles [d\ of the T x <C*-fixed points d (see I2.4[) form a basis in 
®dH~ xC ,(^rf XC *) ,( P t) Frac(ff~ xC »(p*))- The embedding of a point 5 into % is a 

proper morphism, so the direct image in the equivariant cohomology is well defined, and we 
will denote by [d\ £ Vd the direct image of the fundamental cycle of the point d. The set { [d\ } 
forms a basis of V. 

Theorem 2.12. The isomorphism ^ : y^->QJ of Theorem \2.10\ takes [d\ to (— fi) - '-'^ where 
\d\= di + ... + d n -i. 

Proof. It suffices to identify the matrix coefficients of the operators ti, fi in the two bases. The 
matrix coefficients in the basis {£3} are given in the formulas (2.7), (2.6) of Theorem 2.3 of [T?] . 

The matrix coefficients in the basis {\d\} were computed in [2]; cf. also [19] 8.2. The result is: 
e i\d,d>] = II ( x i ~ x k + {di,k - di^hy 1 Yl ( x j ~ x k + {di-i,k - dij)H) 

j^k<i k<i — l 

if d\ • = dij + 1 for certain j < v. 

f»g,2'] = ^ 1 II (^fc - ^ + _ d i,k)K)^ Yi ( Xfe ~ X J + ~ d i+i,k)K) 

j=£k<i k<i+l 

if 3 = di_j — 1 for certain j < j; 

All the other matrix coefficients of e», fi vanish. 

The proof is entirely similar to that of Corollary 2.20 of [2]. Now the identification of matrix 
coefficients follows by inspection. □ 

Remark 2.13. One can prove that the isomorphism \& : V^^V of Theorem 12 . 101 takes [d\ to 
£5 to proportionality without explicitly computing the matrix coefficients. In effect, by the 
definition of Gclfand-Tsetlin basis, it is uniquely (up to proportionality) characterized by the 
property that the matrix coefficients of e^, % with respect to £a, £a' vanish if Ajj ^ A^ for some 
i > k. Now it is immediate to see that the matrix coefficients of c k ,fk with respect to [d], [d 1 ] 
vanish if dij d[j for some i > k. 

2.14. Determinant line bundles. We consider the line bundle Dk on £3^ whose fiber at the 
point (W.) equals det RT(C, W fe ). 

Lemma 2.15. is a T x C* -equivariant line bundle, and the character o/T x C* acting in 
the fiber of T>k at a point d = (dij) equals $^,-<j.(l — dkj)xj + dkJ ^ J — — h. 

Proof. Straightforward. □ 

k 

Let Cask — ^2 EijEji be the quadratic Casimir element of U (fllj.) naturally embedded into 

ij = l 

U(gl n ) C it. The operator Cast is diagonal in the Gelfand-Tsetlin basis, and the eigenvalue 
of Cask on the basis vector £~ = £a is J2j<k ^kji^kj + k — 2j + 1). We define the following 
element of it: 

Ca7 k := Cas k + (2 - Jfe) £ E n - ]T h^x^x, - 1) + fc ( fc - X )( fc - 2 ) , 
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The eigenvalue of this element on the basis vector ^ is J2j<k ^0- ~ dkj)xjh 1 + d k j(dkj — 1). 

Corollary 2.16. a) The operator of multiplication by the first Chern class ci(D/c) in V is 
diagonal in the basis {[d\}, and the eigenvalue corresponding to d = (dij) equals Ylj<k(^ ~ 

d kj ) Xj + d ^-^ n. 

b) The set {ci(Dfc) : k > 2, dk ^ ^ dk-i} forms a basis in the nonequivariant cohomology 

c) The isomorphism \& : V — >53 carries the operator of multiplication by ci(Dfc) to the 
operator ^Cas^- 

Proof, a) is immediate. 

b) It follows e.g. from [7] that dimH 2 (£ld) = §{k > 2, dk ^ ^ dk-i}- Now it is easy to 
see from Lemma \2 . 1 5 1 that the classes {[2)^] : k > 2, d k ^ ^ dk-i} in Pic(lJd) are linearly 
independent, and hence the classes {ci('Dfe) : k > 2, dk ^ ^ dk-i} are linearly independent 

c) Straightforward from a) and formula for eigenvalue of Cas k on £a. 

□ 

2.17. Gelfand-Tsetlin subalgebra and cohomology rings. It is known that a completion 
03 of the universal Verma module 23 contains a unique Whittaker vector = Vd such that 
Oo = 1 (the lowest weight vector), and fit) = K~ l V for any 1 < i < n — 1. Let us denote by 
Id £ -ff~ xC „(0d) C Vd the unit element of the cohomology ring. Then \I>(ld) = Vd- The proof 
is entirely similar to the proof of Proposition 2.31 of [2J, and goes back to pQ. 

Recall that the Gelfand-Tsetlin subalgebra © C End(Q3) is generated by the Harish-Chandra 
centers of the universal enveloping algebras fl^, . . . ,gl n (embedded into gl n as the upper 
left blocks) over the field C(tffi C). We denote by 3d C the annihilator ideal of the vector 
Od G 23, and we denote by &d the quotient algebra of & by 3d- The action of <S on Vd gives rise 
to an embedding ®d ^ %3d- 

Proposition 2.18. a) <3d-^^d- 

b) The composite morphism ^ : H~ Cr (Od)<8>c[t©C] C(t©C) = Vd — >23d — >&d is an algebra 
isomorphism. 

c) The algebra i?~ xC , (Od) ©C[t©C] C(tffiC) is generated by {ci(T> k ) : k > 2, d k ^ ^ d k ^i}. 
Proof, c) The algebra H~^ cti (£ld) ©c[t©c] C(t © C) consists of operators on the space Vd which 

are diagonal in the basis of fixed points [d\. On the other hand, the operators Cas k £ (3, k > 2, 
are diagonal in the Gelfand-Tsetlin basis £3 and have different joint eigenvalues on different 
Hence the images of Casfc in End(53d) generate the algebra of operators which are diagonal in 
the Gelfand-Tsetlin basis, and in particular, the images of Cask, k > 2, in <&d generate <8d- By 
Theorem 12.121 the isomorphism if? : Vd — > 23d carries [ef] to £j. By Corollary 12.161 ci(Dfe) is 
v I' _1 (-|Casfc) up to an additive constant. Hence the elements ci(Dfc) = 5'~ 1 (|CaSfe) + cortsi € 
fl|t xC , (Qd) <8>qt©C] C(t © C) generate the algebra Ht^ (0^) ® c[teC] C(t © C). 

a-b) Since ^(ld) = $d, the (surjective) homomorphism vp -1 : C[Cas2, ■ ■ . , Cas„_i] — > 
//■~ x£ ,,(0d) ®c[t®C] C(t©C) factors through 0^. Hence (a) and (b). □ 

3. Integral forms 

3.1. We denote by it C it the C[tffi C]-subalgebra generated by the set {Ejj := hEij, 1 < i < 
j < n; Eij , 1 < j < i < n; E' u := E u - h~ 1 x il i = 1, . . . , n}. We denote by K<o the subalgebra 
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of il generated by {E' u , 1 < i < n; Ejj, 1 < i < j < n}. It acts on the ring C[t© C] as follows: 
E_ij acts trivially for any i < j, and E' u acts by multiplication by i — 1. We define the integral 
form of the universal Verma module 93 C 93 over il as 93 := il <8>u< Q C[t C]. We define the 
integral form of the universal dual Verma module 93* C 93 as 53* : = { u S 93 : (u, u') G C[t© C] 
for any u' G 93} (where (u,u') stands for the Shapovalov form). Clearly, 93* is a H-module. 

Note that the Whittaker vector o G 93 lies inside the completion of 93*, and is uniquely 
characterized by the properties a) fit) = where := Ej^+y, b) the highest weight component 
of equals 1 G C[t© C]. 

Finally, we denote by © C © the integral form of the Gelfand-Tsetlin subalgebra, gen- 
erated by the centers of the algebras Hi,il2, ■ • ■ ,il n = il constructed from the Lie algebras 
0[ 1; g[ 2 , . . . ,g[„ (embedded into gl n as the upper left blocks) the same way as il is constructed 
from gl n . Recall that the Harish-Chandra isomorphism identifies the center of il(gtfc) with 
the ring of symmetric polynomials in k variables. Namely, to any symmetric polynomial P 
one assigns a central element HC(P), whose PBW degree equals degP, acting on the Verma 
module with the highest weight A = (Ai, . . . , A&) as the scalar operator with the eigenvalue 
P(Ai -i + l,...,X k -i + l). Clearly, the central element HC_{P) := h dc & p HC{P) lies in 
il(g[ fe ). Moreover, the difference HC (P) — P{x\, . . . , x k ) is divisible by h in H(g[ fc ), hence 
h ■ ( HC_ (P) — P(xi, ■ ■ ■ ,Xk)) also lies in the center of H(g[ fc ). 

We denote by 2d C © the annihilator ideal of the vector Vd G 93* , and we denote by the 
quotient algebra of © by 3. The action of © on X>d gives rise to an embedding ©^ <-> 93|J. 

Lemma 3.2. ©.d^^. 

Proof. By graded Nakayama lemma, it suffices to prove the surjectivity of ©ti/(xi, . . . , x n , h = 
0) — > 93|J/ (xi, . . . , x n , h — 0). We denote by g>o C gl n the Lie subalgebra spanned by the set 
{Eij, 1 < j < i < n}. We denote by g> G gl n (resp. g< C g> C fl[„, 0<o C fl[„) 
the Lie subalgebra spanned by the set {E^, 1 < j < i < n} (resp. {E^, 1 < i < j < n}, 
{E^, 1 < i > j < n}, {E^, 1 < i < j < n}). The Killing form identifies the vector 
space g >0 with the dual of g<o, and gives rise to an isomorphism Sym(g <0 ) — C[g>o]- The 
universal enveloping algebra of g>o over C[t] lies inside il and is denoted by il>o- Evidently, 
H>o — U(g>o) ® C[t]. We have iX/(xi, . . . ,x n ,h — 0) ~ C[g>o] * U{q>q). Here the semidirect 
product is taken with respect to the adjoint action of g>o on g>o (and the induced action on 
the algebra of functions). 

Let V denote the space of distributions on g>o supported at the origin, that is cohomology 

with support of the structure sheaf H^ Q y 2 (g>o,0). The algebra C[g>o] X U(g>o) acts on 
V naturally. As a C[g>o]-module, V is cofrce, and its completion is naturally isomorphic to 
C[fl>o]*- Clearly, %F d / {x\, . . . ,x n ,h — 0) as a module over &/{x\, . . . , x n , H = 0) ~ C[g>o] x 
t/(g>o) is isomorphic to V. The value of the Whittaker vector v\n=a in the completion of V is 

n-l 

the functional \ '■ C[g>o] — * C which sends P G C[g>o] to P(f) G C, where f = U ^ s the 

principal nilpotcnt element. The adjoint G>o-orbit of f is dense in g>o, hence the submodidc 
generated by the Whittaker vector is dense in the completion of V. This means that each weight 
space of V is generated by the component of the Whittaker vector. 

Consider the Whittaker module W over C[g>o] x C^(g>o), that is, induced from the character 
X ■ C[g>o] — > C. The module W is free with respect to U(q>q), and hence has natural 
filtration coming from the PBW filtration on U(g>o). The associated graded grW is naturally 
a C[g>o] l S>S(g > o) = C[g]-module. It is easy to see that grW = C[f + g>o]. The restriction of the 
Gelfand-Tsetlin subalgebra in C[g] to the affine subspace f+fl>o is known to be an isomorphism 
onto C[f + g>o] (see [12], [23]). Thus the module W is generated by the Whittaker vector as 
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a &d/( x i-> . . . , x n , h — 0)-module. Hence the &d/(x\, . . . , x n , H = 0)-submodule generated by 
the Whittaker vector is dense in the completion of V. This means that each weight space 
of V is generated by the component of the Whittaker vector with respect to the action of the 
Gelfand-Tsetlin subalgebra. □ 

3.3. We consider a correspondence €d,i C Qd x Qd+i defined as r -1 {0}. In other words, <£_d,i 
is a closed subvariety of £d,i where we impose a condition that the quotient flag is supported at 
{0} S C. It is a smooth quasiprojective variety of dimension 2di + . . . + 2d n _\. We denote by 
P : — * Qd, q : &d,i &d+i the natural projections. Note that both p and q are proper. 

More generally, for 1 < i < j < n we denote by d ± ay the sequence (d±,..., di-i, di ± 
1, . . . , dj-i ± 1, dj, . . . , d n -\). We have a correspondence °€d, aij C Qd x Qd+ aij formed by 
the pairs (W^W,) such that a) W' k C W fe for any 1 < k < n - 1; b) The quotient W./W. 
is supported at {0} <E C; c) For i < k < j the natural map W^/W^ — > Wfe + i/W' fe+1 is an 
isomorphism (of one-dimensional vector spaces). We define a correspondence j£<j.cti C £ld X 
Od+aij as the closure of °€d iQij . According to Lemma 5.2.1 of 'J\, <£d lQiJ is irreducible of 
dimension 2di + . . . + 2d n -\+ j — i — We denote by py : <£d,a i;j — > 0.d, qy : — > 
the natural projections. Note that both py and qy are proper. 

Also, we consider the correspondences <Bd, aij C Od x defined exactly as &d, aij C 

£?d x Od+aij in 13.31 but with condition b) removed (i.e. we allow the quotient flag to be 
supported at an arbitrary point of C — oo). In particular, £d jQi i+1 = (S^. We denote by 
Py ■ £d,ui 3 — > Q-d, qy : <£d, aij — > Od+ QiJ the natural projections. Note that qy is proper, 
while qy is not. 

3.4. Recall that 'V = (Bd 'Vd :— ®dH~ c , The grading and the correspondences 
give rise to the following operators on 'V: 

E u = Xi + (di-! -di+i-l)h: 'Vd — '% 

f)i = [x i+ i - Xi) + (2d, - d^i - di+i + l)h : 'Vd -> 

fj = E i<i+1 = p*q* : 

i£y = p , q,\ : 'Vd -> (i < » < i < «); 

^ - (-l) i-i q#*Ptf : % -» 'Vd+ Qi , (1 < t < i < n); 
£ji = I 1;' *qy*Py : % -» 'V i+aij (1 < t < j < n). 

Theorem 3.5. a) The operators {E_ij, 1 < i < j ' < n; -Ey, 1 < j < i < ra} on 'V defined 
in \3.4\ satisfy the relations in iX, i.e. they give rise to the action of it on 'V. 

6) There is a unique isomorphism $ of ii-modules 'V and%3* carrying 1 S Hf c * (Q-q) C 'V 
to i/ie lowest weight vector 1 6 C[f ® C] C 23*. 

Proof, a) We define the operators 

(1) #y = Pij*qy : Vd -» Vd- a « (1 < * < j < »)• 

It is clear that — £.d.a i:j x (C — oo). It follows that for any 1 < i,j < n we have 

i?y = ft-By . Furthermore, the operators Ei^±\ are exactly those defined in !2.9i and they satisfy 
the relations of il (and generate it) by Theorem l2.10t Finally, according to Proposition 5.6 of [7], 
the elements Sy Gil, 1 < i ^ j < n act in V by the same named operators of ([1]) and 13.41 
This proves a). 

b) We have 'V C V^VO D QJ*, so we have to check that *( 'V) = %F, and then $ = 
Recall that *&(0d) = 1 £ H~ c „0Qd)- By the virtue of Lemma [3.21 it suffices to prove that 
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H j xC » {Qd) is generated by the action of the integral form © of the Gelfand-Tsetlin subalgebra 
on the vector 1 G H~ c .(0d). 

For any 1 < j < n - 1 we will denote by Wj the tautological i-dimensional vector bundle on 
Qd x C. By the Kiinneth formula we have #~ xC „ (% x C) = H' f ^ (%) ® 1 © #~ xC , (%) ® r 
where r G iJ^*(C) is the first Chern class of 0(1). Under this decomposition, for the Chern 
class Ci (Wi) we have c^W,) =: cf(W s ) ® 1 + c^ _1) (Wi) (8 r where cf®) G H 2 J^{Qd), 

The following Lemma goes back to [50 
Lemma 3.6. TTie equivariant cohomology ring H~^ Cr (£ld) is generated by the classes 
Cj j) (Wi), cf ~ 13 (Wi), 1 < j < « < n- 1 (Wr £/ie a/^e&ra C[t© C]/ 

Proof. By the graded Nakayama lemma, it suffices to prove that the nonequivariant cohomology 
ring H'(£}d) is generated by the Kiinneth components of the (nonequivariant) Chern classes 
Cj (Wi), cfo CW; ), 1 < j < i < n - 1. The locally closed embedding Qd Qd induces a 
surjection on the cohomology rings (see e.g. the computation of cohomology of in [7]), so it 
suffices to prove that the cohomology ring of the compact smooth variety H'(Qd) is generated 
by the Kiinneth components of the Chern classes of the tautological bundles. But this follows 
from Theorem 2.1 of [SJ, since the fundamental class of the diagonal in x Q d can be expressed 
via the Chern classes of the tautological vector bundles (cf. [50), section 5). □ 

Returning to the proof of the theorem, if suffices to check that the operators of multiplication 
by Cj^(Wj), Cj 1 CWj), 1 < j < i < n — 1, in the equivariant cohomology ring H~ (0d) = 
'Vd lie in the integral form © of the Gelfand-Tsetlin subalgebra. To this end we compute these 
operators explicitly in the fixed point basis {[cf]} (alias Gelfand-Tsetlin basis {£5}) of Vd = 23d- 

The set of eigenvalues of t © C in the fiber of W; at a point (d, 00) (resp. (d, 0)) equals 
{-xx, -Xi} (resp. {-Xt + d iyl h, . . . , -xi + ck,iK}). For 1 < j < i, let e°° (resp. e^(d)) 
stand for the sum of products of the j-tuples of distinct elements of the set {— x±, . . . , — £;} (resp. 
of the set {— X\+di ih, ■ ■ ■ , — Xi + di^h}). Then the operator of multiplication by the Chern class 
Cj(Wj) is diagonal in the basis {[d, 00], [d, 0]} with eigenvalues {e°°, e^(d)}. It follows that the 
operator of multiplication by cp fW, ) (resp. by cf ^ (W,-). 1 < j < i < ri — 1) is diagonal in the 
basis {[5]} with eigenvalues {^(e^+e^d))} (resp. {^{e°°-e° jt (d))}). Note that e£ G C[tffiC], 

and e^(d)) is precisely the eigenvalue of the central element HC (ejj) G U(0y corresponding to 
the j-th elementary symmetric function ej via the Harish- Chandra isomorphism, on the Verma 

module with highest weight {Xnh, . . . , Xuh}. Hence the operator of multiplication by cf 3 (Wj) 

(with eigenvalues { \ (e°° + (g0 ) } ) lies in the integral form © of the Gelfand-Tsetlin subalgebra. 
Moreover, e°° — HC (eji) is divisible by h in H(g[J. Hence the operator of multiplication by 

cf -1) (W.) lies in as well. □ 

Corollary 3.7. The composition of isomorphisms ©d — >V3 d < — H~ c „(£2d) is <m isomor- 
phism of algebras. 

□ 



We have learnt of it from A. Marian. 
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4. Speculation on equivariant quantum cohomology of 0^ 

4.1. According to Theorem 3 of [TU], the variety 0^ is Calabi-Yau. For the reader's convenience 
we recall a proof. First note that if d = (di, . . . , d„_i), and d^ = 0, then Qd = 0^ x Qd" 
where d = (di, . . . , dfc_i), and 0^/ is the corresponding Laumon moduli space for GLk, while 
d = (dfc+i, . . . , d n _i), and 0^" is the corresponding Laumon moduli space for GL n ^k- Hence 
we may assume that all the integers di, . . . , d n _i are strictly positive. 

For 1 < i < n— 1, we consider the locally closed subvariety of 0^ formed by all the quasiflags 
which have a defect of degree exactly i. We denote by S); C 0d the closure of this subvariety. 
It is a divisor. We denote by [0(2)*)] the class of the corresponding line bundle in Pic(0d). 

Lemma 4.2. Assume all the integers di,...,d n _i are strictly positive. Then [O(S)i)] = 
[D 2 ],...,[0(iD < )] = [D < +i]-[Di] > ...,[0(iD„- 1 )] = -[D«-i]. 

Proof. Recall the morphism 7r^ : 0^ — > Zd to Drinfeld's Zastava space (a small resolution of 
singularities). For 1 < k < n — 2, choose a point s S Zd with defect of degree exactly k + (k + 1). 
We denote by Pfc the preimage 7r ( ^ 1 (s) C Qd- By a GL3-calculation, is a projective line. 
The fundamental classes [Pi], . . . , [P1-2] form a basis of iJ 2 (0rf, C). It is easy to see that the 
restriction Di|p fc is trivial if i ^ k + 1, while Dfe + i|p fe ~ 0(1) (this is again a GLVcalculation). 
Furthermore, it is easy to see that the restriction 0(Di)\p k is trivial for i ^ k, k + 1, while 
0(DA;)|p fc — 0(1), and 0(SA;+i)|p fc — 0(— 1) (once again a GL3-calculation) . The lemma is 
proved. □ 

Let °Qd C 0d denote the open subspace formed by all the quasiflags without defect. Recall 
the symplectic form f2 on °0.d constructed in [5]. Note that the complement 0^ \ "0^ equals 
the union of divisors Ui<i<n-i®* - Thus the top power u := fl top is a meromorphic volume 
form on 0^ with poles at Ui<«n— 1 The formula for il given in Remark 3 of loc. cit. shows 
that the order of the pole of u> at 55 j is 2 for any 1 < i < n — 1. Hence the canonical class of 0^ 
in Pic(0rf) equals 2 ^ 1 < l <„_ 1 [0(D l )]. By LemmaEd the class 2£ 1 < i < n _ 1 [0(!Di)] = 0. We 
have proved 

Corollary 4.3. (Givental, Lee |10j ) The canonical class of 0^ is trivial. 

4.4. Shift of argument subalgebras. To each regular element \i of the Cartan subalgebra t) 
of a semisimple Lie algebra g one can assign a space of commuting quadratic elements of 
the universal enveloping algebra U(g). Namely, 

(h, ot) 
(fjL,a)' 



In = { 2^ rr -\ e ae-a, \hefy}, 



where A + is the set of positive roots, and e a , e_ a are nonzero elements of the root spaces such 
that (e a ,e_ Q ) = 1. Note that the space does not change under dilations of /i, hence we 
have a family of spaces of commuting quadratic operators, parametrized by the regular part of 

my 

These quadratic elements appear as the quasiclassical limit of the Casimir flat connection 
on the trivial bundle on the regular part of the Cartan subalgebra with the fiber QJ^, (cf. [4j [6l 
Ell US]). This connection is given by the formula 

_ , \ - da 

V=d + K } e Q e_ Q — , 
' a 

aeA + 

where n is a parameter. Since every element of U (g) of the form e a e^ a commutes with the 
Cartan subalgebra (), this connection remains flat after adding any closed C(f))-valued 1-form. 
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The centralizer in U(g) of this space of commuting quadratic operators is the so-called shift of 
argument subalgebra A^ C U(g), which is a free commutative subalgebra with ^(dimg + rkg) 
generators. For g = sl„ the family of commutative subalgebras A^ C U(g) is an (n — 2)- 
parametric deformation of the Gelfand-Tsetlin subalgebra (see [2T1 122) ). 



4.5. Conjecture on equivariant quantum cohomology. Consider the shift of argument 

n-l 

subalgebra for g = gl n , A* = E Qi+iQi+2 ■ ■ ■ q-n^i with LUi being the fundamental weights of gl n . 

i=l 

Since the shift of argument algebra does not change under dilations of fi, we can assume that 
fe-i 

q n = 1. Taking hu = E qiUi+i ■ ■ ■ q n Ui, we find that the space Q M is generated by the elements 

i=l 

k 

, E QlQl+l---1n 

\ hk > a / e e - sr P P x l=i+l p p - 

Z t in a \ KaC ~ a ~~ Z^i rjl i rj r i i~ j nij&ji — 

aeA + *<i<* i<k <i E qiqi+i---q n 

l=i+l 

k 

E owm • ■ • qj-i 

i<j<k ^<k<j i + qiqi+i . . . qj-i 

l=i+l 



with k = 2, . . . , n — 1. 

We consider the equivariant (small) quantum cohomology ring of Qd which depends on 
n — 2 quantum parameters 52, ■ ■ ■ , q n —i corresponding to the Chern classes of the determinant 
bundles. Note that ^ij^ji is Cask up to some Cartan term. Hence the shift of argument 

i<j<k 

subalgebra contains the following (commuting) elements 

k 

E qiqi+i---q 3 -i 

QCk '.= Cask + ^ — EijEji. 

i<k<j 1 x J2 qiqi+i ■ ■ ■ qj-i 

l=i+l 

Conjecture 4.6. The isomorphism \& : Vd —* 2J<z carries the operator M-£> k of quantum multi- 
plication by C\{Dk) to the operator ^QCk- 

Corollary 4.7. The localized equivariant quantum cohomology ring of Qd is isomorphic to the 
quotient of the shift of argument subalgebra A^ by the annihilator ofVd- 

Let Ap denote the integral form A^ R it. 

Conjecture 4.8. The equivariant quantum cohomology ring ofQd is isomorphic to the quotient 
°f A.fj, by the annihilator of X>d ■ 



Remark 4.9. It is natural to expect I4T8I since the analogue of Lemma [3.21 is valid for An as 
well (and the proof is the same) . 

n-l 

The map (52, ■ ■ • , 9n-i) l— * A* = E Qi+iQi+2 ■ ■ ■ ?n-i w i embeds the torus T = C*^™ -2 -* with 

i=l 

coordinates 92, • ■ ■ , qn-i into the Cartan subalgebra f) = C ,l_1 of sl n as an open subset of an 
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affinc hypcrplane. Restricting the Casimir connection to T and adding an appropriate Cartan 
term, we obtain the following flat connection on T in the coordinates q%. 

n— 1 7 

V = rf + uV QC k — . 

k=2 y 

On the other hand, the trivial vector bundle with the fiber Vd over the space of quantum 

n-l 

parameters T is equipped with the quantum connection d + Mi) t — . 

k=2 qk 

Corollary 4.10. The isomorphism ^> carries the quantum connection to the Casimir connection 
with k = 7j . 

Remark 4.11. According to Vinberg [25], the family of subspaces Q M form an open subset 
in the moduli space of (n — l)-dimcnsional spaces of commuting linear combinations of e„e_ a 
in U(g). Thus it is natural to expect that the operators M%> h span the space for some 
fj, depending on q2, ■ ■ ■ ,q n ~i (but unfortunately, we have no idea how to prove that the op- 
erators Md,, are quadratic expressions in the correspondences). Moreover, since the unit in 
the cohomology ring remains unit in the quantum cohomology ring, the quantum correction 
has to annihilate the vector 0^. Therefore the operator ty(M<D k ) is QCk up to a change of 



n-l 



parametrization. Finally, the flatness of the quantum connection d + ~y\ Mx> k -^- is a very 

k=2 qk 

restrictive condition on the parametrization fJ,(q2, ■ ■ ■ , q n ~i) — this leaves no other choice for 
f(MuJ but to coincide with §QC fe . 

5. Global Laumon spaces 

5.1. Recall the setup of 12.51 We define two versions of the correspondences Ed.i C x Qd+i, 
namely, £ di := r _1 {0}, £^ := r _1 {oo}. Their projections to Qd (resp. Qd+i) will be denoted 
by p°,p°° (resp. q°,q°°). The projection of td,i to Qd (resp. Qd+i) will be denoted by p c 
(resp. q c ). 

We denote by 'A (resp. 'B) the direct sum of equivariant (complexified) cohomology: 'A = 
®dH± xC „(Qd) (resp. 'B = ®dH' GyC ,{Qd))- We define A — 'A ® H ._ ^ (pt) Frac(ff| xC , (pi)), 
and B — 'B ® H ' GxC ,(pt) Frac(7J5 xC , (pi)). 

We have an evident grading A = ®dAd, Ad = Hf xC A Q i) ®#~ xC .(p*) ^^(-^xc.Cp*))? 
similarly, B = ©d-%, Bd = H^ xC ,(Qd) ®H' GyC ,( P t) Frac(if£ xC » (pt)). 

Note that HQ xC *(pt) = C[ei, . . . , e n , H] where is the «-th elementary symmetric function 
of X\ , . . . , x n . 

5.2. Fixed points. The set of T x C*-fixed points in Qd is finite; it is described in [7], 2.11. 
Recall that this fixed point set is in bijection with the set of collections {d} of the following 
data: a) a permutation er £ S n ; b) a matrix (dy) (resp. d°°), i > j of nonnegative integers 
such that for i > j > k we have d° kj > d^ (resp. df 3 > d°°) such that d t = T,]=i( d ij + d tj)- 
Abusing notation we denote by d the corresponding T x C*-fixed point in Qd' 

Wi = OcHVo-^.ooK (1)l 

W 2 = c (-d° 21 • - d% ■ oo)w a(1) © c (-d° 22 -0-d%- ooK (2) , 



W n _! = C (-d°_ M • - d%>_ !,! • 00)^(1) © Oc(-<-l, 2 • - C-1,2 ' °°K(2)® 

©...ffiOc(-<ft_ liTl _ 1 -Q-d^. 1|n _ 1 -c»)«; a(n _i ) . 



GELFAND-TSETLIN ALGEBRAS AND COHOMOLOGY RINGS OF LAUMON SPACES 



13 



Also, we will write d = (<J,d°, d°°). 

The localized equivariant cohomology A is equipped with the basis of direct images of the 
fundamental classes of the fixed points; by an abuse of notation, this basis will be denoted {[d]}- 



5.3. Chern classes of tautological bundles. As in the proof of Theorem 13.51 and Corol- 
larv !3.7l we see that the H~ (pt)-algebra H~ (Qg) is generated by the Kiinneth components 

of the Chern classes (Wp), Cj 1 ^ (Wp), 1 < j < i < n— 1, of the tautological vector bundles 
Wp on Qd x C. We compute the operators of multiplication by c^(Wp), Cj (Wp), 1 < 
j < i < n — 1, in the equivariant cohomology ring H~ xC<i (Qrf) in the fixed point basis {[d\}. 

We introduce the following notation. For a function f(xi, . . . , x ni H) £ C(t©C) and a permu- 
tation a £ S n we set f a (xi, . . . , x n , h) := / (a^i), ■ ■ ■ , x a ( n ),K). Also, we set f(xi, ...,x n ,H) := 
f(xx,...,x n ,—h). For 1 < j < i, let e^(d) (resp. e°°(oQ) stand for the sum of products of 
the j-tuples of distinct elements of the set {— x\ + df-jh, .. . , —Xi + d^fi} (resp. of the set 
{ • d: A h v, ■ d%H}). 

Lemma 5.4. The operator of multiplication by (Wp) (resp. by c ? ^ (Wp), 1 < j < i < 
n~l) is diagonal in the basis {\d\ = [(cr, dP, d°°)]} with eigenvalues {^(e^id) + e°° (d)) 17 } (resp. 
{^{e™(d)-e%Q)r}). 

Proof. The same argument as in the proof of Theorem 13.51 □ 

Corollary 5.5. The operator of multiplication by c^ 1 (Wp) is diagonal in the basis {[d\ = 
[(cr, c?°, with eigenvalues —(xi + . . . + Xi) a + dih. 

5.6. We denote by il 2 the universal enveloping algebra of g[„ © g[„ over the field C(t © C). 
For 1 < i,j < n we denote by E\y (resp. E^') the element (E i3 , 0) £ g[„ © g[„ C it 2 (resp. 
the element (0,Eij) £ gl n © gl n C il 2 ). We denote by it< the subalgebra of it 2 generated by 
E\l\E^\ 1 < i < n, E$ +1 ,E?) +1 , 1 < i < n - 1. It acts on the field C(tffi C) as follows: 
E\ Eii+i ac t trivially for any 1 < i < n — 1, and 2?£- (resp. E^) acts by multiplication 
by h~ l Xi + i — 1 (resp. — h~ 1 Xi + i — 1). We define the universal Verma module 03 over it 2 as 
il 2 <8>uJ. C(t © C). The universal Verma module 55 is an irreducible il 2 -module. 

For a permutation cr = (cr(l), . . . , a{n)) £ S n (the Weyl group of G = GL n ) we consider a 
new action of il< on C(tffiC) defined as follows: E^ +1 , E^ +1 act trivially for any 1 < i <n—l, 

and E^' (resp. ) acts by multiplication by H~ 1 x cr ( i ) + i — 1 (resp. —h~ 1 x a ( i ) +i — 1). We 
define a module 2$ CT over il 2 as il 2 ® U 2 C(t © C) (with respect to the new action of U< on 
C(f © C)). Finally, we define 21 := CTe " 5ii 

5.7. The grading and the correspondences £d,i, £^ i, & ve Tise to * ne following operators on 
A, B: 

i l) = E i%\ = ^pSq * : A d -» ^i-i and Brf -» 

ff 3 - ^M+i = -fi^Vrq 00 * : ^ -» and B c± -» B^; 

ef } = = -ft _1 q*P°* : Ai -» and ^ -» 5^+,; 

«i a) = s Sl,< = ^"'q^P 00 * : A -» A i+i and Brf - Bd +l ; 

ft = Ppq°* : A -> and B^ Bd_i; 

ef = -qpP°* : A A+» and B d -> B d+l . 
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Furthermore, we define the action of C[t © C] on B as follows: for 1 < i < n — 1, Xi acts on 
Bd by multiplication by (Wp x ) — (Wp) — (d$ — di_i)H (cf. Corollary 15. 5ft ; and x n acts 
by multiplication by ei — ari — . . . — x n -i (recall that ei is the generator of i?g(pt)). 

Theorem 5.8. a) The operators ef } = E$ 1A , ef 5 = S^ff 3 = ^V+i = f = aZorl 5 
wzf/i i/ie action o/C(t©C) on i? defined in \5.7\ satisfy the relations mil 2 , i.e. they give rise to 
the action o/il 2 on B; 

b) There is a unique isomorphism \P 2 of il 2 -modules B and 2$ carrying 1 G H~ cti (Qo) c -B 
io the lowest weight vector 1 G C(tffi C) C 55. 

Proof. We describe the matrix coefficients of t'p — E^ xi ,t^ = E^ li ,ff' = EfS +1 ,f!- 2 ' — 

(2) '"t 

E\ i+1 in the fixed point basis {[d]}. Recall the matrix coefficients 5']' computed in 
the proof of Theorem 12. 121 The proof of the following easy lemma is omitted. 

Lemma 5.9. Let d = (cr,d ,d°°) 7 and df — (cr' , dP' , d°°'). The matrix coefficients are as 

It follows that the operators e 2 (1) = 4^,ef = e[%^ ] = i^ff = i?g 3 +1 on A 
defined in 15.71 satisfy the relations in it 2 , i.e. they give rise to the action of il 2 on A. Moreover, 
it follows that the it 2 -module A is isomorphic to 21. In order to describe the image of the 
basis {[d\\ under this isomorphism, we introduce the following notation. First, we introduce a 
il-module 2J CT := il®u <0 C(tffi C) where il<o acts on C(t© C) as follows: acts trivially 

for any 1 < i < n — 1, and En acts by multiplication by h~ 1 x a ^ + % — 1. Similarly, we 
introduce a ll-module 2J ff := il ®u< C(t © C) where il<o acts on C(t © C) as follows: P^+i 
acts trivially for any 1 < i < n — 1, and acts by multiplication by —h^ 1 x a ^ + i — 1. Note 
that <8 CT ~2T ©c(tec) 

Now to a collection c? ~ (dij), and a permutation a G S„, we associate a Gelfand-Tsetlin 
pattern A' 7 = h a (d) := (Xfj), n > i > j, as follows: \" ni := h~ x x a ^ + j - 1, n > J > 1; A^- := 
Tr^y) + j - 1 -dkj, n-1 > i > j > 1. We define £| = £ A - G 23 CT by the formulas (2.9)-(2.11) 

of [T^ (where £ = £o = 1 G W). Similarly, to a collection d — (dij), and a permutation 
cr G 5„, we associate a Gelfand-Tsetlin pattern A CT = A ct (g0 := (A^-), n. > i > j, as follows: 
A£j := ~h~ 1 x a{j) n>3>\; A>- := -H- 1 x a{j) + j - 1 - dy, n - I >_z > j > I. We 

define ^ = £ A „ G by the formulas (2.9)-(2.11) of 17J (where £ = Co = 1 G <U CT ). Finally, to 

a collection d = (o-,d°,d°°) we associate an element §g := £~ (8) G 2J CT <8>c(t©C) = 2} CT - 

Theorem 12.121 and Lemma 15.91 implies that under the above isomorphism A ~ 21 a basis 
element [d] goes to ^q- 

We are ready to finish the proof of the theorem. Since the action of T x C* on extends to 
the action of G x C* , the equivariant cohomology H~ ^ (Qd) is equipped with the action of the 

Weyl group S n , and H^ xC ,(Qd) = H^ Cit (Qd) Sn - It follows B = A s ™. Since B is closed with 

respect to the action of the operators ej^ = i?-+ M ,e- 2) = E^ ^f^ = ^V+DH = ^m+i on 
B, part a) follows. Note however, that the action of S n on A does not commute with the action 
of the above operators. 

To prove part b), we describe the action of S n on A explicitly in the basis {[d\}. For 
2 = (cr, 5°, <f°), cr' £ S n , / G C(tffiC), we have ct'(/[3]) = / ff '[(cr'cr, d°, We conclude that 
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for 2 = (l,d°,d°°) (so that £ 3 G S3 1 = 58) we have C* 2 ) -1 ^) = T,aes n f a [{°,d? This 
completes the proof of the theorem. □ 

Remark 5.10. The operators ff,ef of ISTH were introduced in [7]. It is easy to see that 
ff = ff ) +ff ) ,ef = ef) + ef). 

5.11. A completion of 58 = 523 (S>c(tec) 23 contains the Whittaker vector J2d^d = b := 0(8)0. 
It follows from the proof of Theorem 15.81 that for the unit element of the cohomology ring 
1^ G ffg xC „(Qd) we have <f 2 (l^) = bg- The double Gelfand-Tsetlin subalgebra © 2 := & ® © 
acts by endomorphisms of 58. We denote by 3^ C © 2 the annihilator ideal of the vector bd G 58, 
and we denote by (S 2 , the quotient of <3 2 by 3 2 d . The action of (S 2 on gives rise to an 
embedding (3 2 58^. The same way as in Proposition 12 . 181 a) one proves that this embedding 
is an isomorphism 0^-^58^. 

Proposition 5.12. The composite morphism ^> 2 : Hq xC , (Q^) <8>hj c , (pt) Frac(iJg xC » (pt)) = 
Bd—-^ < Bd—^®d is an algebra isomorphism. 

Proof. As in the proof of Theorem 13.51 and Corollary 13.71 we see that the HQ xC ,(pt)- 
algebra HQ xC ,(Qd) is generated by the Kiinneth components of the Chern classes 

cffWf), cj i_1) (Wf ), 1 < j < i < n- 1, of the tautological vector bundles Wp on QjxC. 
In order to prove the proposition, it suffices to check that the operators of multiplication by 
c^p ( Wp ) , (Wp), 1 < j < i < n— 1, in the equivariant cohomology ring iJJ xC „ (Q^) lie in 

(S 2 ,. To this end we compute these operators explicitly in the basis {('J 2 ) -1 ^ i = ( 1 , , ) } 
of 58. Lemma 15.41 implies that the operator of multiplication by Cj (Wp) (resp. by 
c^ _1) (Wp), 1 < j < i < n - 1) is diagonal in the basis {(* 2 ) _1 Cs, £ = (lj°,<f°)} with 
eigenvalues {e° t (d) + e°°(d)} (resp. {fiT^e^d) — e°j(d))}). As in the proof of Theorem 13.51 
we see that e^d) is the eigenvalue of the element of 35^ £g> 1 C 1& 2 ,, and e°5f (d) is the eigenvalue 
of the same element in the other copy of the Gelfand-Tsetlin subalgebra 1 <E> *&d C G3 2 /, hence 
c^(Wp) and c^' _1) (Wp) lie in <S|. 

□ 

5.13. Integral forms. Recall the notations of 13.31 We consider the correspondences £^„. C 
x Qd+Q^ (resp. ^ a .. C 9j x Qd +Q .,.) defined exactly as in loc. cit. (resp. replacing 
the condition in 13. 31 b by the condition that W./W. is supported at oo G C). We denote by 

natural proper projections. We also consider the correspondences and projections £p a .. C 
Qd x Qd+aij, Pij, ifj defined as above but without any restriction on the support of W./W.. 
We consider the following operators on '£?: 

Rif =Pij* ( lij '■ 'Bd^ 'Bd- aij ] 

j-](2j oo oo * / / > / / > 

E<ff = (-l)*-iq0 #p g. . 'S^ — > 'B, +Qij ; 

4* } = -(- i ) H i«.pr : 'Bd+a zj ; 

Eft = I h' 'qp.l>P' : 'B*^. 

We have E§ = Tr^g 3 = ft" 1 ^ +4?)- 
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We define il 2 C il 2 as the C[t© C]-subalgebra generated by y^\ y^ 2 \ y A , y S gl n , where 
(resp. y^) stands for K(y, 0) (resp. h(0,y)), and y A stands for (y,y). Then it is easy to 
see that the above operators give rise to the action of il 2 on 'B. 

Also, it is easy to check that il 2 / (h = 0) is isomorphic to the algebra U := (C[g[„] x C/(g[„)) <8> 
C[t] (the semidirect product with respect to the adjoint action). Hence B :— 'B/(h = 0) = 
®dHQ(Qd) inherits an action of U. 

n(n-l) 

Conjecture 5.14. The U-module B is isomorphic to ^{ g< 2 } (fl'n) 0). Under this isomorphism, 

n(n-l) 

the action of H^ipt) on B corresponds to the action o/C^^J 6 on (gl n ,0). 

Conjecture 6.4 of [7j on the direct sum of nonequivariant cohomology of is an immediate 
corollary of 15.141 

5.15. Relative Laumon spaces. We propose a generalization of Conjecture 6.4 of [7j in a 
different direction. Let d = (d\, . . . ,d n ) be an n-tuple of integers (not necessarily positive). 
Let Qd be the moduli stack of flags of locally free sheaves Wi C . . . C W„_i C W„ on C 
such that rk(Wi) = i, deg(W^) = di (see p4]). We have a representable projective morphism 
Ti" : Qd Bun, W, i— > W„, where Bun stands for the moduli stack of GL„-bundles on C. 
The fiber of 7r over the trivial GL^-bundle (an open point of Bun) is Q^. The correspondences 
^d.Qi, i ^-Tatj ' oh- °^ subsection 15.131 make perfect sense for the stacks Qd in place of Q^. As 
in loc. cit., they give rise to the operators E^j,E^',E^, etc. on the constructible complex 
B := ©dggn-i 7r*Cd on Bun (where stands for the constant sheaf on Q^). This constructible 
complex is the geometric Eisenstein series of [14] . The above operators give rise to the action of 
:= C[g[„] xi U(q[ u ) on B: this follows from the results of l5.13l bv the argument of [2], 3.8-3.11. 
In particular, U acts on the stalks of B, and we propose a conjecture describing the resulting 
0- modules. 

Recall that the isomorphism classes of GL„-bundles on C are parametrized by the set X + of 
dominant weights of GL n . For 77 € X + we denote by B^ the corresponding stalk of B. Also, we 
will denote by 0(rj) the corresponding line bundle on the flag variety "Bn of GL n . We will keep 
the same notation for the lift of 0(rf) to the cotangent bundle T*'B n . We will denote by L v the 
direct image of 0(j]) under the Springer resolution morphism T*H n — » N to the nilpotent cone 
N C gl n . The cohomology of the coherent sheaf L n carries a natural action of 0. 

Conjecture 5.16. The U-module B r) is isomorphic to -ff B<0 2 (N, L^) (cf. Conjecture 7.8 
ofW- 

6. EQUIVARIANT if-RING OF Qd AND QUANTUM GELFAND-TSETLIN ALGEBRA 

6.1. We preserve the setup of [2] with the following slight changes of notation. Now T stands 
for a 2™-cover of a Cartan torus of GL n as opposed to SL n in loc. cit. Now U' stands for 
the quantum universal enveloping algebra of gl n over the field C(T x C*), as opposed to the 
quantum universal enveloping algebra of sl n in 2.26 of loc. cit. 

For the quantum universal enveloping algebra of g[„ we follow the notations of section 2 
of [18] . Namely, U' has generators tij,iij, 1 < i, j < n, subject to relations (2.4) of loc. cit. 
The standard Chevalley generators are expressed via tij , Uj as follows: 

Ki = ti+i^+iiii, Ei — (v - v^yHtiU+id, Fi = ~(v - v^yH^i+itu 

(note that this presentation differs from the one in (2.6) of loc. cit. by an application of 
Chevalley involution). Note also that U' is generated by tu,iu, 1 < i < n; £»+!,», 1 < 
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i < n — 1. We denote by U' <0 the subalgebra of U' generated by tu,tu, U^+i. It acts on the 

field C(T x C*) as follows: acts trivially for any 1 < i < n — 1, and t# = t~^ acts 

by multiplication by t~ 1 v 1 ~ t . We define the universal Verma module 9Jt over U' as 9JI := 
[/' ® a ^ o C(f x C*). 

Recall that M = ©A, A% = K f xC *(%) ® c[f xC>] C(f x C) (cf. 0, 2.7). 
We define the following operators on M (well defined since the correspondences are 
smooth, and the T x C*-fixed point sets are finite): 

tu = ty 1 -^^- 1 : Ma -> M £ t u = t« X ; 
t M+ i = (^ - i;)^!^*-^^ 1 )*-^ 1 ^- 1 ^ 1 - 2 ^^^' : -> 
t, +M = (v- 1 - v)ti£Hiv*- 1 +W^ 1 -^ 1 '> d *- 1 q,(£ i ® P*) ■ Ma - Md +i . 
According to Theorem 2.12 of [2], these operators satisfy the relations in U' , i.e. they give rise 
to the action of U' on M. Moreover, there is a unique isomorphism ip : M — » 9JI carrying 
[Oflo] e M t0 the lowest weight vector 1 G C(f x C*) C ffll. 

6.2. The construction of Gelfand-Tsetlin basis for the representations of quantum gl n goes back 
to M. Jimbo [TT] . We will follow the approach of [TH] . Given d and the corresponding Gelfand- 
Tsetlin pattern A = A(d) (see subsection 12. lip , we define = £a € Tt by the formula (5.12) 

of [TB]. According to Proposition 5.1 of loc. cit., the set {^} (over all collections d) forms a 
basis of Tt. 

Recall the basis {[cf]} of M introduced in 2.16 of [2]: the direct images of the structure sheaves 
of the torus-fixed points. The following theorem is proved absolutely similarly to Theorem 1 2. 121 
using Proposition 5.1 of [TH] in place of Theorem 3 of [17] . 

Theorem 6.3. The isomorphism if) : M — > 9JI of subsection [6A\ takes [d\ to c^£^ where 

i 3 

□ 

6.4. Quantum Casimirs. Let Cas k be the quantum Casimir element of the completion of 
the quantum universal enveloping algebra U v (gl k ). The quantum Casimir element is defined 
in section 6.1. of [15] in terms of the universal i?-matrix lying in the completion of U v (Ql k ) (8> 
U v (Ql k ). According to [15] , Proposition 6.1.7, the eigenvalue of Cas v k on the Verma module 
over U v (gl k ) with the highest weight is v~( Xk ' Xk+2pk \ This means that the operator Cas k is 
diagonal in the Gelfand-Tsetlin basis, and the eigenvalue of Cas k on the basis vector i~ = £a is 
v -Hi<k x ki(>>kj+k-2j+i) ( w jth t iV j-l-d ki = W A M ^ Consider the following "corrected" Casimir 
operators 



E (A„ 3 -i)(A„ 



3=1 

Lemma \2. 151 admits the following 

Corollary 6.5. a) The operator of tensor multiplication by the class [T) k ] in M is diagonal in 
the basis {\d\}, and the eigenvalue corresponding to d— (dij) equals Y[j<k^j 2 k3 v dkj ( dhj ~ 1 \ 
b) The isomorphism if> : M — > SOT carries the operator of tensor multiplication by [D k ] to the 



operator Cas 
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Proof, a) is immediate. 

b) straightforward from a) and the formula for eigenvalues of Cas%. □ 

6.6. Quantum Gelfand-Tsetlin algebra and X-rings. Recall the Whittaker vector t = 
J2d^A of 2J 2.30. According to Proposition 2.31 of loc. cit., ip[0d\ = id- 

~ _ i 

Consider the "quantum Gelfand-Tsetlin algebra" S C End(9Jt) generated by all the Cas% 
over the field C(T x C*). We denote by 3d C S the annihilator ideal of the vector 6^ e 23, 
and we denote by 3d the quotient algebra of © by 3d- The action of S on Id gives rise to an 
embedding Sd 9%- 

Proposition 6.7. a) 9d—^9Rd- 

b) The composite morphism ip : K TxC (Qd) ®c[f xC*] x ( ^*) 
algebra isomorphism. 

c) The algebra K TxC " (Q<j)® c[f xCt] C(TxC*) is generated by{[D k ] 

Proof. The proof is the same as for Proposition 12.181 



= Md-^yftd-^9d is an 

■■ k > 2, d k ^0^d k -i}. 

□ 
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